We consider a system consisting of a 2D network of links between Majorana fermions on superconducting islands. We show that the fermionic Hamiltonian modeling this system gives rise to Kitaev's toric code in fourth-order perturbation theory. By using a Jordan-Wigner transformation we can map the model onto a family of signed 2D Ising models in a transverse field where the signs, ferromagnetic (FM) or anti-ferromagnetic (AFM), are determined by additional gauge bits. Our mapping allows an understanding of the non-perturbative regime and the phase transition to a non-topological phase. We discuss the physics behind a possible implementation of this model and argue how it can be used for topological quantum computation. In this paper, we investigate how one could arrive at the toric code Hamiltonian starting from a realistic model of interacting fermions. Kitaev has shown how the toric code emerges in fourth-order perturbation theory from the so-called honeycomb model [8] (see also [9] ). Given the recent interest in making proximity-coupled semiconducting nanowires which support weakly-interacting Majorana bound states at their ends [10] [11] [12] [13] [14] [15] [16] , we believe that our model may provide a viable route to the realization of topological quantum computation. The interest in Majorana fermion wires is partially motivated by their fermionic-parity protected ground space degeneracy which allows parity protected quantum computation [17] [18] [19] and braiding in networks of nanowires [20] [21] [22] [23] . The advantage of the approach advocated in this paper is that the protection is fully topological and no longer based on fermionic-parity conservation. The idea of engineering a topologically-ordered Hamiltonian using Josephson-junction arrays has been explored mostly in the work of Ioffe et al., see e.g. [25] .
In this paper, we investigate how one could arrive at the toric code Hamiltonian starting from a realistic model of interacting fermions. Kitaev has shown how the toric code emerges in fourth-order perturbation theory from the so-called honeycomb model [8] (see also [9] ). Given the recent interest in making proximity-coupled semiconducting nanowires which support weakly-interacting Majorana bound states at their ends [10] [11] [12] [13] [14] [15] [16] , we believe that our model may provide a viable route to the realization of topological quantum computation. The interest in Majorana fermion wires is partially motivated by their fermionic-parity protected ground space degeneracy which allows parity protected quantum computation [17] [18] [19] and braiding in networks of nanowires [20] [21] [22] [23] . The advantage of the approach advocated in this paper is that the protection is fully topological and no longer based on fermionic-parity conservation. The idea of engineering a topologically-ordered Hamiltonian using Josephson-junction arrays has been explored mostly in the work of Ioffe et al., see e.g. [25] .
We consider the following fermionic Hamiltonian H = H 0 + V where H 0 =
where A µ = Z µ+ẑ X µ+x Z µ−ẑ X µ−x , i.e., the plaquette terms of the toric code in Fig. 2 [28] . Note that P − C g/w µ
and hence the four-dimensional toric code ground space of H when ∆ ≫ λ lies in the {C g/w µ = +1} sector.
FIG. 3: (Color online)
The gauge bits σ set the Ising interactions to FM (black edges) except for an AFM (red edges) loop around the torus. This AFM boundary will be felt in the ferromagnetic (FM) phase, but not in the paramagnetic (PM) phase of the model, leading to degeneracy. A loop operator Cγ in the fermionic model becomes a product of Ising edges which winds around the torus.
Let us consider how the topological phase extends to the regime where
. We can get insight for this regime by considering higher-order terms in the perturbative expansion (see e.g. [29] for such expansion for the honeycomb model), see the Appendix. This calculation shows that the ground space degeneracy of the toric code is broken only in (2L)
th -order perturbation theory and we expect that the topological phase will destabilize via this mechanism.
To consolidate this picture we map our model via a Jordan-Wigner (JW) transformation, onto a family of signed transverse field (TF) Ising models on a 2D square lattice, see Appendix. The JW mapping preserves the locality of the interactions, and all reductions are explicit and rigorous. Previous work [27] has shown how to map an Ising gauge theory in a transverse field (assuming open boundary conditions) by a Jordan-Wigner transformation onto the Majorana fermion model discussed here. Our mapping clarifies the nature of the topological phase transition and the parameter values for which it will occur. In this analysis we restrict ourselves to the sector {C w µ = +1}. Note that when ∆ = 0 the ground state of H is unique since we are in a state of fixed link parity {V i,j = −1}. This state lies in the {C g/w µ = +1} sector since each C g/w µ is a product of four link operators. As we saw above, at λ ≪ ∆, the ground space also lies in the {C g/w µ = +1} sector. The mapping decouples our fermionic model into a set of transverse field Ising models
with the condition Π (i,j)∈ white µ σ i,j = 1 so that the sign of the Ising interactions is determined by gauge bits σ i,j ∈ {−1, 1} associated with the edges. The gauge condition expresses the fact that the white plaquettes are never frustrated, i.e. C w µ = +1, but a gray plaquette is frustrated when C g µ = Π (i,j)∈gray µ σ i,j = −1. The spectrum of H(σ) solely depends on the frustration of the Ising interactions and the presence of domain walls or homologically non-trivial loops, see Fig. 3 . We anticipate the following spectrum, see Fig. 4 . At both ends of the parameter region (λ or ∆ = 0), the groundspace lies in the un- Fig. 3 depicts a configuration σ which represents a homologically non-trivial loop; all plaquettes are unfrustrated, but an Ising model with such an AFM sign pattern will contain a domain wall of length at least L where bonds are not satisfied. The topological phase is identified as the paramagnetic (PM) phase S z = 0 in the TF Ising models. In this phase the ground spaces of the Hamiltonians H(σ) with unfrustrated configurations σ with or without the 2 nontrivial AFM loops are approximately degenerate: this is the topological degeneracy whose splitting we expect to scale as exp(−L/ξ) where ξ is the correlation length of the TF ferromagnetic Ising model. We expect the effective gap ∆ eff above the degenerate ground-space to monotonically increase before we reach the second-order phase transition of the TF ferromagnetic Ising model, which is known to occur around λ ∆ c ≈ 0.33 [30] . Elementary excitations of the toric code with A µ = +1 for two gray plaquettes A µ correspond to ground-states of TF Ising models with frustration at those particular gray squares.
We can consider the effect of additional perturbations. One would expect quadratic Majorana fermion perturbations of strength ǫ on each island due the coupling of the wire ends on an island. If a qubit is encoded in a pair of Majorana wires, such coupling leads to an energy-level splitting of the qubit state of strength ǫ. Here the advantage of our topological encoding becomes clear. Consider a perturbation U ∝ ǫ ic
where µ is some white plaquette (by symmetry other perturbations would act similarly) and ǫ ≪ λ. On the groundspace of H 0 , the perturbation acts as a local term ∝ ǫX µ−x , hence we expect that the topological degeneracy is preserved up to some critical strength (
) c where ∆ eff is the gap above the degenerate ground-space in the topological phase. In practice, we expect these quadratic perturbations to be random (and weak) and hence they could be beneficial in stabilizing the topological quantum memory at finite temperature by limiting the diffusion of anyons (see e.g. [26] ).
We analyze the possibility of implementing the model presented above in superconducting-semiconducting heterostructures. Putting a semiconducting nanowire such as InAs or InSb with strong spin-orbit interaction on top of a conventional superconductor subject to a sufficiently strong magnetic field leads to a pair of Majorana modes located at the ends of the nanowire [12, 13] . We focus on a 2D array of superconducting islands each supporting two nanowires leading to four unpaired Majorana modes, see 
where φ i denotes the superconducting phase on the i-th island and Γ i,j is proportional to the probability amplitude for tunneling a single electron/hole across the link i, j from mode c i x to c j y between the islands i and j [10] . Along the lines of Ref. [22] , we shunt each superconducting island with a strong Josephson coupling E J to a common ground superconductor. This Josephson coupling fixes the superconducting phases φ i to a common value due to large fluctuations of the number of electrons (in units of two) on and off the island. Note that this way of freezing out the bosonic degrees of freedom due to the superconductivity is different from the one discussed in Ref. [24] which proposes a large charging energy which fixes the number of electrons by delocalizing the superconducting phase completely. Even though the charge is strongly fluctuating, the fermion parity P i remains conserved. In the ideal case when all the Josephson couplings are equal Γ i,j = λ, the anomalous Josephson interaction H J implements V . Of course, V in general will not have the orientation indicated in Fig. 1 , but if we work with a lattice with open boundary conditions (corresponding to the surface code [32] ), any sign pattern of the link interactions simply picks out a topological sector with a corresponding pattern of eigenvalues A µ = ±1 as the ground-space [33] , see our discussion in the Appendix. From the coding perspective it is well known that topological computation can proceed not just in the trivial syndrome (all eigenvalues of A µ = +1) sector but also in some non-trivial syndrome sector.
Next, we discuss the effect of a capacitive coupling
to the ground plate with the capacitive energy E C = e 2 /2C where C is the capacitance of the island with respect to ground and n ind a constant which is due to gate voltages. For simplicity of notation, we have assumed all the capacitances C and offset charges n ind to be equal. In the regime with λ E C ≪ E J , the capacitive coupling introduces phase-slips through the strong Josephson junctions and thus an energy difference between states with different fermion parities. This leads to Eq. (1) with ∆ ∝ E
8EJ /EC [22] . The sign of ∆ depends on the value of n ind can thus be tuned in principle. A residual interaction between two Majorana modes c i x and c i y with strength ǫ is due to overlap of the wave functions of the Majorana bound states. However, because the states are localized, this coupling can be made exponentially small by keeping the modes sufficiently far apart from each other. Having sufficiently strong tunneling coupling between the Majorana fermions along the links, a value λ ≃ 200 mK seem realistic as the bare gap of the Majorana wire is likely of the order of a few K [20] . Choosing the Josephson energy to be E J ≃ 10 K and a capacitive energy E C ≃ 5 K, we obtain E J ≫ ∆ λ as required . The resulting optimal value of ∆ eff will be of the order of λ ≃ 200 mK.
It is possible to tune the tunnel coupling Γ i,j by changing the tunneling barrier between island i and j by a nearby gate. This is a mechanism through which we can create holes in the lattice. In practice one can work with a lattice of superconducting islands which represents the surface code with open boundary conditions, encoding one logical qubit. One can apply the ideas of the surface code architecture if (i) one can make (and move) gray and white holes of arbitrary size in this surface and (ii) one can locally measure X i and Z i and prepare X i and Z i eigenstates. The preparation of certain 1-qubit ancillas can then be used to achieve universality [35] . An example of a white hole qubit is depicted in Fig. 2(b) . Such a white hole can be obtained by cutting off the four black links surrrounding the center white plaquette such that the hatched plaquette terms no longer appear in the effective Hamiltonian. Moving such a white hole could be done by adiabatically changing the strength of Majorana links in order to turn links on and off. The operations (ii) can be implemented using the setup of Fig. 1(b) . Instead of a single superconducting island, each site consist in fact of two islands with two Majorana modes each. Most of the time, these islands are coupled to each other via Fig. 1 ) such that they essentially act as a single island such that all the discussion above applies unchanged. Increasing the ratio E ′ C /E ′ J turns on a magnetic field along the zaxis which can be used to implement rotations around this axis. Additionally, the measurement of Z i can be implemented by coupling one of the superconducting islands to a fermion parity meter [17] . Single qubit universality is achieved by increasing the overlap of the a and c Majorana modes-by decreasing the length of the topological trivial part of the Majorana wire indicated by the dashed-and thus effectively implementing a magnetic field along the x-axis.
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Appendix
We start by detailing some of the steps in the perturbative analysis. We defined P − = 2 2 -dimensional groundspace and P − + P + = I. Let V ±∓ = P ± V P ∓ and let G + = P + H −1 0 P + where we have redefined H 0 as H 0 + 2∆L 2 such that its lowest-eigenvalue is 0. In the self-energy expansion all terms with odd number of perturbations V vanish. The second-order term V −+ G + V +− contributes a term proportional to I whereas the fourth-order term equals
where A µ = Z µ+ẑ X µ+x Z µ−ẑ X µ−x , i.e., the plaquette terms of the toric code in Fig. 2 [28] . Note the difference with Kitaev's honeycomb model where the prefactor of these plaquette terms is
16 ; this is because the links in our model commute whereas the links in Kitaev's model mutually anti-commute on their common qubit. All higher-order terms in the perturbative expansion consist of loops of links on the lattice and can be represented as products of plaquette operators A µ , i.e. the terms are of the form − µ1 . . . µ k A µ1 . . . A µ k , all with the same negative sign, further stabilizing the ground space with {A µ = +1}.
In (2L) th -order one obtains also terms proportional to A γ ≡ P 0 C γ P 0 ∝ Π i∈γ σ i where i is a product over islands through which the loop γ goes and σ i = X i , Y i or Z i as defined in Eq. (4) depending on the loop γ taking one of the three directions across island i. Since A γ1 and A γ2 commute with all {A µ } and with each other, they must leave the ground space of the toric code invariant and be mutually commuting products of the 4 logical operators of the toric code qubits, i.e. they can be represented as X 1 X 2 and Z 1 Z 2 where (X i , Z i ), i = 1, 2 are the nonlocal logical operators of the 2 toric code qubits. Hence the presence of these terms in the effective Hamiltonian breaks the topological degeneracy.
The overall mapping via the JW transformation goes as follows. We will denote the eigenvalues of the operators C 2 Majorana operators. First, we map our model via a JW transformation onto a model which for fixed eigenvalues {c w µ } consists of XX (strength λ) and ZZ links (strength ∆), a square-octagon model on the left in Fig. 6 . We consider this square-octagon model for {c w µ = +1}, but we extend the state space to any state with Π µ C w µ = +1 [38] . In this extended state space, we use the additional symmetry of the squareoctagon model to lay out a basis of Bell states on the islands. In the Bell basis, the square-octagon model reduces to a set of transverse field Ising models where the sign of the Ising interactions is determined by an additional sign qubit. In principle this degree of freedom is present at every island; the sign qubits are the black and red dots in Fig. 6 . However, these models are unitarily equivalent to ones in which associate a gauge bit σ i,j ∈ {−1, 1} with every edge (i, j) and fix the gauge Π (i,j)∈white µ σ i,j = 1. Thus we obtain the transverse field Ising models are
where Π (i,j)∈ white µ σ i,j = 1. Let us now explicitly show these steps.
For the JW transformation we choose an order for the 8L
2 Majorana fermions c 1 , . . . c 8L 2 . We will order the Majorana fermions around every white plaquette as in Fig. 5, i. e., we start with an arbitrary white plaquette, choose this ordering of labels and go onto any next white plaquette and continue until we are done labeling all Majorana fermions. Given this ordering the JW transformation maps Υ(c 2i−1 ) = Z 1 . . . Z i−1 X i and Υ(c 2i ) = Z 1 . . . Z i−1 Y i where the Pauli's here are of course unrelated to the Pauli's defined in Eq. (4) . Under this JW transformation the links V i=µ±ẑ,j=µ±x around a white plaquette µ become
The island operator of an island i which is north or south of a white plaquette becomes H i 0 → −∆Z i,1 Z i,2 where i, 1 and i, 2 label the two qubits on the island, see the blue links in Fig. 6 . The island operator of an island i which is east or west of a white plaquette becomes H i 0 → +∆Z i,1 Z i,2 . In this qubit representation the white plaquette operator equals C w µ → −Π i∈∂µ Z i where µ now represents a square in Fig. 6 and i ∈ ∂µ is the product over qubits at the corners of the square. Let the subspace with fixed eigenvalues {c w µ } be denoted as H({c w µ }). We can represent the action of the weight-4 link operator on H({c
Note that on the space H({c In order to use the square-octagon model, we extend H({c w µ = +1}) into the (almost) full state space, obeying only the parity condition Π µ C w µ = +1. At the end of this section, we show why this procedure only adds degeneracies to the Hamiltonian, not altering the eigenspectrum. This parity constraint Π µ C w µ = C all = +1 is, after the JW transformation, equivalent to (−1)
A new symmetry then becomes apparent, namely the interactions of the square-octagon model commute with vertical and horizontal link operators K j = X j,1 X j,2 . Note that by an even number of local unitary X rotations we can rotate all horizontal and vertical links to be −∆Z j,1 Z j,2 . From now on we take L even for simplicity so that the parity constraint implies that Π i Z i = 1. A basis for the state space can then be constructed by laying out Bell states |Ψ st ≡ |s, t on the horizontal and vertical links between qubits. Here s represents the sign qubit or eigenvalue of XX, i.e., |s corresponds to
represents the eigenvalue of ZZ, i.e., |t corresponds to
). This choice of basis and local unitary rotation to sign qubits s and Ising qubits t allows one to write the Hamiltonian on the square-octagon lattice as a transverse field Ising model on the t qubits on a square lattice where the additional sign qubits live at every site, see Fig. 6 .
In order to obtain this model we lay out the Bell states such that any XX link in the model acts between qubit 1 of one horizontal (resp. vertical) Bell state and qubit 2 of another vertical (resp. horizontal) Bell state, see Fig. 6 . This necessitates the constraint that L is even. We then use the fact that for two island Bell states i and j
where X i,1 acts on the first qubit of Bell state i etc. and X t i is a Pauli X on the t qubit of island i. Here Z s i
is Pauli Z on the sign qubit of island or vertex i. The island term −∆Z i,1 Z i,2 → −∆Z t i , i.e., only acting on the t qubit. Note that due to the layout of the sign qubits, see Fig. 6 , white plaquettes are never frustrated since every sign qubit flips the sign of two Ising edges of the plaquettes. As every Ising qubit has a sign qubit next to it, it implies that a gray square plaquette is frustrated when C g µ = Π i∈∂µ Z s i = −1. The parity constraint now reads Π i Z t i = 1. The transformed Hamiltonian acts with single Zs on the sign qubits, hence for every basis state of the sign qubits one obtains a transverse field Ising model on the t qubits at the vertices of a square lattice on the torus. It is simpler then to represent the effect of the sign qubits by associating them with the edges of the square lattice. We introduce the gauge bit σ i,j ∈ {−1, 1} for every edge (i, j) which are constrained such that Π (i,j)∈white µ σ (i,j) = 1. One can show that any TF Ising model with configuration σ satisfying this constraint is unitarily equivalent to a TF model with a sign qubit configuration. Thus, modulo unitary transformations, we obtain
where the Ising degrees of freedom are the t qubits and the gauge bits are represented by σ. The gauge constraint is Π (i,j)∈ white µ σ i,j = 1 and the parity constraint Π i S x i = 1. Note that the parity constraint makes the ground state in the ferromagnetic phase unique, as we expect at ∆ = 0.
We can also study our perturbative expansion, Eq. (8), under this mapping. Each TF Ising model H(σ) can be handled separately using nondegenerate perturbation theory with a finite radius of convergence ( If the sign qubit is |1 (marked as red), it flips the adjacent red edges from ferromagnetic to anti-ferromagnetic. We can alternatively associate a gauge bit σi,j with every edge (i, j) if we ensure that the product of σi,j around a white plaquette is 1.
theory (modulo some energy shifts), i.e.,
µ Π (i,j)∈µ σ i,j + higher order loops , (11) where | + + . . . + is the transverse field ground-state.
Consider what happens in this analysis when the sign of the links, Eq. (2), is randomly changed (and fixed) with respect to the orientation in Fig. 1 . Now we should no longer a priori select {c w µ = +1} as the ground sector. However, all steps can be carried through as long as we retain the signs {c w µ }. A sign change in the links represent a sign change in the XX links of the family of Hamiltonians on the square-octagon lattice, hence white plaquettes can now be frustrated. The proper choice of eigenvalues {c w µ = ±1} for the ground sector is the one in which no square originating from a white plaquette is frustrated. This choice may however lead to frustration for the gray plaquettes (since C 2 . There will be frustration and there are 10 degenerate toric code ground states with two possible excitations all having the same energy of (−L 2 + 1)
2 . This problem arises since excitations in the toric code produce defects on an even number of white plaquettes and an even number of gray plaquettes, hence a single sign change of a link does not pick out an excited sector as ground sector. For a physical model with open boundary conditions such as the surface code, there are eigenstates with any pattern of eigenvalues A µ = ±1, hence it is possible to avoid frustration.
Note that in such surface code lay-out, our model will have 4 'unlinked' Majorana fermions at the corners of the lattice, let us call them c 1 , c 2 , c 3 and c 4 . The Hamiltonian of this Majorana fermion surface code commutes with any string of Majorana operators which starts and ends at one of the four corner Majorana fermions. Such strings anticommute when they touch the same corner Majorana fermion forming a pair of logical operators. Hence the spectrum of this Hamiltonian has a double degeneracy throughout the entire parameter range; it is the encoding of the surface code qubit. When ∆ = 0, the Hamiltonian commutes with the four corner Majorana fermions, hence the degeneracy is 4 in this regime. This 4-dimensional degeneracy is exponentially protected when λ is turned on, but one of these Majorana qubits (with logical operators, say, X = c 1 , Z = c 2 and Y = ic 1 c 2 ) is only protected by fermion-parity. At the phase transition, one looses the fermion-parity protected Majorana qubit, but keeps the Majorana surface code qubit.
Let us add one last comment on how to handle quasiparticle tunneling onto the superconductor island which would change the fermion-parity on the island. Such event can be viewed as a leakage error with respect to our encoding, i.e. an error which maps us outside the proper code or ground space. If one can measure the parity operator H i 0 on an island and project the state back onto the parity ground space, we reduce such leakage error to no error or a regular error which can either be tolerated at low density or be error-corrected actively.
Projecting Back Lemma
Let the subspace with fixed eigenvalues {c 
